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Abstract
In this paper, contact metric manifolds whose characteristic vector field ξ is a harmonic vector field are called
H -contact manifolds. We show that a (2n + 1)-dimensional contact metric manifold is an H -contact manifold if
and only if ξ is an eigenvector of the Ricci operator (J.C. González-Dávila and L. Vanhecke [J. Geom. 72 (2001)
65–76] proved this result for n = 1). Consequently, the class of H -contact manifolds is very large. Moreover, we
give some application about the topology of a compact H -contact manifold.
 2003 Elsevier B.V. All rights reserved.
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1. Introduction
Let (M,g) be a Riemannian manifold and (T 1M,gs) its unit tangent sphere bundle equipped with the
Sasaki metric gs . A unit vector field V on M determines a map between (M,g) and (T 1M,gs). When M
is compact and orientable, the energy of V is the energy E(V ) of the corresponding map. V is said to be
a harmonic vector field if it is a critical point for the energy functional E defined on the space χ1(M) of
all unit vector fields on (M,g). The corresponding critical point condition has been determined in [25]
and [26]. A harmonic vector field determines a harmonic map if an additional condition is satisfied [16].
O. Gil-Medrano [14] introduced similar notions when M is also non-compact or non-orientable. Several
results and many examples of such vector fields have already been discovered (see for example the
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a fundamental role in the study of the Riemannian geometry of a contact metric manifold (see [3]). So, it
is natural to study the harmonicity of ξ in contact metric geometry. If M is Sasakian, then ξ is a harmonic
vector field [25] and determines a harmonic map [15]. S.D. Han and J.W. Yim [16] proved that the Hopf
vector field ξ on the unit 3-sphere S3, that is, the characteristic vector field of the standard contact metric
structure on S3 (see for example [3]), is the only unit vector field which defines a harmonic map into its
unit tangent bundle. In [22] we showed that a contact metric three-manifold is a generalized (k,µ)-space
on an everywhere dense open subset if and only if its characteristic vector field ξ determines a harmonic
map. In the same paper, we classified the contact metric three-manifolds whose characteristic vector field
ξ is harmonic and minimal. G. Wiegmink [25] proved that if V is an unit Killing vector field then: V is
harmonic if and only if it is an eigenvector of the Ricci operator. J.C. González-Dávila and L. Vanhecke
[15] proved that the same characterization in terms of the Ricci tensor also holds if we assume that V is
the characteristic vector field ξ of a contact metric three-manifold.
In this paper, contact metric manifolds whose characteristic vector field ξ is a harmonic vector field
are called H -contact manifolds. We show that a (2n + 1)-dimensional contact metric manifold is an
H -contact manifold if and only if ξ is an eigenvector of the Ricci operator. Consequently, the class of
H -contact manifolds is very large: η-Einstein contact metric manifolds, K-contact manifolds (which we
characterize in terms of the rough Laplacian), (k,µ)-spaces and strongly locally φ-symmetric spaces are
H -contact manifolds. Then, we give some results on the topology of a compact H -contact manifold.
In particular, using a Geiges’ result [11], we obtain that a compact three-manifold admits an H -contact
structure with critical metric for the Chern–Hamilton energy functional if and only if it is diffeomorphic
to a left quotient of the Lie group G under a discrete subgroup, where G is one of SU(2), H 3 (the
Heisenberg group), or S˜L(2,R).
2. Preliminaries
2.1. Contact metric manifolds
In this section, we collect some basic facts about contact metric manifolds. All manifolds are assumed
to be connected and smooth. A (2n + 1)-dimensional manifold M is said to be a contact manifold if it
admits a global 1-form η such that η∧ (dη)n = 0. Given η, there exists a unique vector field ξ , called the
characteristic vector field or the Reeb vector field, such that η(ξ) = 1 and dη(ξ, ·) = 0. Furthermore, a
Riemannian metric g is said to be an associated metric if there exists a tensor φ of type (1,1) such that
η = g(ξ, ·), dη(· , ·) = g(· , φ·), φ2 = −I + η ⊗ ξ.
(η, g, ξ,φ), or (η, g), is called a contact metric structure and (M,η, g, ξ,φ) a contact metric manifold.
We denote by ∇ the Levi-Civita connection and by R the corresponding Riemann curvature tensor given
by
RXY = ∇[X,Y ] − [∇X,∇Y ]
for all smooth vector fields X,Y . Moreover, we denote by ρ the Ricci tensor of type (0,2), by Q the
corresponding endomorphism field and by r the scalar curvature. The tensor h = 12Lξφ, where L denotes
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(2.1)∇ξ = −φ − φh, ∇ξφ = 0, hφ = −φh, hξ = 0.
The scalar torsion ‖τ‖, τ = Lξg, introduced in [10], and the tensor h are related by
τ = 2g(hφ· , ·), ‖τ‖2 = 4 trh2 = 8n − 4ρ(ξ, ξ).
Since hφ = −φh, if e is an eigenvector of h with eigenvalue λ, then φe is an eigenvector of h with
eigenvalue −λ. In particular, we can consider at each point an orthonormal basis {eo = ξ, ej , en+j = φej },
called φ-basis, of eigenvectors of h.
A contact metric manifold is said to be η-Einstein if the Ricci operator Q is of the form Q =
aI + bη ⊗ ξ , where a, b are functions. A contact metric manifold is said to be a K-contact manifold
if ξ is a Killing vector field, or equivalently, h = 0. Moreover, a contact metric structure (ξ, η,φ, g) is
called a Sasakian (or normal) structure if and only if
(∇Xφ)Y = g(X,Y )ξ − η(Y )X.
Any Sasakian manifold is K-contact and the converse also holds when n = 1, that is, for three-
dimensional spaces. On a K-contact manifold ξ is an eigenvector of the Ricci operator Q, more precisely
we have
Qξ = 2nξ.
Another interesting class of contact metric manifolds, which extends the class of the Sasakian manifolds,
is that of so-called (k,µ)-spaces introduced by D.E. Blair, T. Koufogiorgos and B.J. Papantoniou [4].
Such spaces are defined as contact metric manifolds (M,η, ξ, g,φ) satisfying
(2.2)R(X,Y )ξ = k{η(Y )X − η(X)Y }+µ{η(Y )hX − η(X)hY }
where k and µ are constant. Moreover, we have
Qξ = 2nkξ, k  1, h2 = (k − 1)φ2
and if k = 1 or h = 0, then M is Sasakian (see [4]). Contact metric manifolds satisfying the condition
(2.2) where (k,µ) are non-constant smooth functions, are called generalized (k,µ)-spaces and such
spaces only exist in dimension three (see [17]). We refer to [3] for more information about contact metric
geometry.
2.2. Harmonic vector fields
For a general Riemannian manifold (M,g) of dimension m, the rough Laplacian ¯ of a vector field
X ∈ χ(M) is defined by
¯X = − tr∇2X.
If {Ei} is any local orthonormal frame field, we get
(2.3)¯X =
m∑
{∇∇Ei EiX − ∇Ei∇EiX}.
i=1
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equipped with the Sasaki metric. Every unit vector field V on M defines a map between (M,g) and
(T 1M,gs). When M is compact and orientable, we can define E(V ), the energy of V , as the energy of
the corresponding map:
E(V ) = 1
2
∫
M
‖dV ‖2 dv = m
2
vol(M,g) + 1
2
∫
M
‖∇V ‖2 dv.
E(V ) is equal, up to constants, to B(V ) = ∫
M
‖∇V ‖2 dv which is known as the total bending of V (see
G. Wiegmink [25]). Here dv denotes the volume element of (M,g). V is called a harmonic vector field
if it is critical for the energy functional E defined on the set χ1(M) of all unit vector fields on M . The
corresponding critical point condition
“¯V is collinear to V ”
has been determined in [25] (see also C.M. Wood [26]). Note that it turns out that the map V : (M,g) →
(T 1M,gs) defines a harmonic map if and only if it is a harmonic vector field and moreover the additional
condition
trR(∇·V,V )· = 0
is satisfied [16]. Recently, O. Gil-Medrano [14] introduced similar notions when M is also non-compact
or non-orientable.
Now, we introduce the following
Definition 2.1. A contact metric manifold whose characteristic vector field ξ is a harmonic vector field
is called an H-contact manifold.
This notion is invariant under a D-homothetic deformation (see Remark 3.8).
3. Harmonicity of the characteristic vector field
The main results of this section are the following theorems.
Theorem 3.1. A contact metric manifold is an H -contact manifold if and only if the characteristic vector
field ξ is an eigenvector of the Ricci operator.
For n = 1, this theorem was proved in [15]. Theorem 3.1 is a consequence of the following theorem.
Theorem 3.2. Let (M,η, ξ, g,φ) be a (2n + 1)-dimensional contact metric manifold. Then
¯ξ = 4nξ −Qξ = ‖∇ξ‖2ξ − pr|kerη Qξ,
where ‖∇ξ‖2 = 2n + trh2 and pr|kerη denotes the projection on kerη.
In order to prove Theorem 3.2, we first prepare the following lemma.
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local orthonormal φ-basis. Then
(3.1)
2n∑
i=0
g
(
(∇Xφ)ei, ei
)= 0,
(3.2)
2n∑
i=0
g
(
(∇Xhφ)ei, ei
)= 0.
Proof. From Xg(φei, ei) = 0, we obtain
g(∇Xφei, ei) − g(ei, φ∇Xei) = 0
and hence (3.1) holds. Since
g
(
(∇Xhφ)ξ, ξ
)= 0,
(3.2) is equivalent to
n∑
i=1
g
(
(∇Xhφ)ei, ei
)+ n∑
i=1
g
(
(∇Xhφ)φei, φei
)= 0.
Now, suppose that our φ-basis is a φ-basis of eigenvectors of h with eigenvalues (λ0 = 0, λj ,−λj). Then,
g
(
(∇Xhφ)ei, ei
)= 2λig(∇Xei, φei)
and
g
(
(∇Xhφ)φei, φei
)= −2λig(∇Xei, φei),
so we get (3.2). 
Proof of Theorem 3.2. For a general Riemannian manifold M , the covariant derivative ∇ admits a
formal adjoint ∇∗ (see for example [2]). In particular, if S is a (1,1)-tensor on M , we have
∇∗S = − tr∇S = −
∑
i
(∇ViS)Vi,
where {Vi}i is a local orthonormal basis.
Now, let (M,η, ξ, g,φ) be a (2n + 1)-dimensional contact metric manifold and {eo = ξ, ej , en+j =
φej } be a local orthonormal φ-basis. Using the operator ∇∗, (2.3) gives
¯ξ = ∇∗∇ξ
and hence, using (2.1), we obtain
¯ξ = −∇∗φ − ∇∗φh = −∇∗φ + ∇∗hφ.
Moreover, we have the following formula (see formula (3.4)a of [20]):
(3.3)
2n∑
(∇ei φ)ei = 2nξ.
i=0
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(3.4)¯ξ = 2nξ + ∇∗hφ.
Now, we compute the Ricci curvature ρ(X, ξ). Using (2.1), we have:
R(X,Y )ξ = −∇X∇Y ξ + ∇Y∇Xξ + ∇[X,Y ]ξ
= (∇Xφ)Y + (∇Xφh)Y − (∇Yφ)X − (∇Yφh)X.
Thus, the Ricci curvature is given by
ρ(X, ξ)=
2n∑
i=0
R(ei,X, ei, ξ ) =
2n∑
i=0
g
(
R(ei,X)ei, ξ
)
=
2n∑
i=0
g
(
R(X, ei)ξ, ei
)
=
2n∑
i=0
{
g
(
(∇Xφ)ei, ei
)+ g((∇Xφh)ei, ei)− g((∇eiφ)X, ei)− g((∇ei φh)X, ei)}
=
2n∑
i=0
{
g
(
(∇Xφ)ei, ei
)− g((∇Xhφ)ei, ei)+ g((∇eiφ)ei,X)+ g((∇ei hφ)X, ei)}
and hence, since the operator hφ is symmetric, applying (3.1)–(3.3), we obtain
g(X,Qξ) = 2ng(ξ,X)− g(∇∗hφ,X).
Therefore,
∇∗hφ = −Qξ + 2nξ = −pr|kerη Qξ − g(Qξ, ξ)ξ + 2nξ = −pr|kerη Qξ +
‖τ‖2
4
ξ.
Then, from (3.4), we get
¯ξ = 4nξ −Qξ =
(
2n + ‖τ‖
2
4
)
ξ − pr|kerη Qξ = ‖∇ξ‖2ξ − pr|kerη Qξ. 
Corollary 3.4. Einstein contact metric manifolds, and more in general η-Einstein manifolds, are H -
contact manifolds.
A consequence of Theorem 3.2 also is the following nice characterization of K-contact manifolds.
Corollary 3.5. A contact metric manifold is a K-contact manifold if and only if ¯ξ = 2nξ (or
equivalently, ¯ξ = Qξ ).
Proof. Let M be a contact metric manifold. If M is K-contact, then Qξ = 2nξ and Theorem 3.2 gives
¯ξ = 2nξ. Vice versa, if ¯ξ = 2nξ , then Theorem 3.2 gives Qξ = 2nξ and hence trh2 = 2n−ρ(ξ, ξ) =
0 implies that M is K-contact. 
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that a compact Einstein K-contact manifold is Sasakian. This result and the Corollary 3.5 imply the
following.
Corollary 3.6. A compact Einstein contact metric manifold is Sasakian if and only if ¯ξ = 2nξ .
Another consequence of Theorem 3.2 is the following result.
Corollary 3.7. Let (M,η, ξ, g,φ) be a (2n + 1)-dimensional contact metric manifold. Then
η = 4nη,
where  is the Hodge–de Rham Laplacian.
Proof. For a general Riemannian manifold (M,g), the following Weitzenböck’s formula for differential
1-forms ω is well known (see for example [26, p. 323]):
ω = ¯ω + ρ(X0, ·)
where X0 is the vector field defined by ω = g(X0, ·). For a contact metric manifold (M,η, ξ, g,φ), using
Theorem 3.2, the above formula gives
η = ¯η + ρ(ξ, ·) = g(¯ξ + Qξ, ·) = g(4nξ, ·) = 4nη. 
Remark 3.8. A D-homothetic deformation of a contact metric structure (η, g, ξ,φ) is defined by
ηt = tη, ξt = t−1ξ, gt = tg + t (t − 1)η ⊗ η, where t is a positive constant. These tensors define
a new contact metric structure (see [23]). Moreover, the property “ξ is an eigenvector of the Ricci
operator” is invariant under D-homothetic deformations (see [13, Proposition 2.1]). Then, it follows from
Theorem 3.1 that the class of H -contact manifolds is invariant under D-homothetic deformations.
4. The class of H -contact manifolds and some other classes
In this section we investigate how the class of H -contact manifolds is related to classical classes of
contact metric manifolds with respect to inclusion relations.
We put
MS := the set of all Sasakian manifolds,
MK := the set of all K-contact manifolds,
Mk,µ := the set of all (k,µ)-spaces,
Mφs := the set of all strongly locally φ-symmetric spaces,
MH := the set of all H -contact manifolds.
Of course,MK ⊆MH andMk,µ ⊆MH (see Section 2.1). The classesMS ,MK andMk,µ have been
extensively studied (see [3]). It is well-known that the class MK and the class Mk,µ extend the class
MS , more precisely MK ∩Mk,µ =MS (see Section 2.1). Now, let T 1(M) be the unit tangent sphere
bundle with the standard contact metric structure. Then, T 1(M) is a (k,µ)-space if and only if M is a
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is a K-contact manifold if and only if M is a space of constant sectional curvature c = 1. Thus, the
unit tangent sphere bundle T 1(M) of a space M of constant sectional curvature c = 1 is an example
of (k,µ)-space which is not K-contact. Moreover, there exist examples of K-contact manifolds which
are not (k,µ)-spaces. In fact, we know that there exist examples of K-contact manifolds which are not
Sasakian (see [5, p. 461]) and such examples are not (k,µ)-spaces because if a K-contact manifold is
also a (k,µ)-space, then it is Sasakian. On the other hand, if we consider a two-point homogeneous
space M , the characteristic vector field of T 1(M) is a harmonic vector field (see [8]). Therefore, the unit
tangent sphere bundle of a two-point homogeneous space with non-constant sectional curvature gives an
example in the classMH which does not belong to the classesMK andMk,µ.
More recently, Boeckx and Vanhecke [7] introduced the class of strongly locally φ-symmetric spaces.
(5.3) of [7] with k = 0 gives that the characteristic vector field of such spaces is an eigenvector of the Ricci
operator. Therefore, a strongly locally φ-symmetric space is an H -contact manifold. The converse does
not hold. In fact, T 1(M) is a strongly locally φ-symmetric space if and only if M is a space of constant
sectional curvature (see [7]). Therefore, the unit tangent sphere bundle of a two-point homogeneous space
with non-constant sectional curvature gives an example in the class MH which is not strongly locally
φ-symmetric space.
Summing up, we have
Proposition 4.1. The class MH extends the classes MS , Mk,µ, MK and Mφs . The class MK
(respectivelyMk,µ) does not extend the classMk,µ (respectivelyMK).
Remark 4.2. We note that a (k,µ)-space is a Sasakian manifold or a strongly locally φ-symmetric space
(see [6]). However an example of a strongly locally φ-symmetric space which is not a (k,µ)-space is not
yet known.
5. Topology of a compact H -contact manifold
Let (M,η) be a (2n + 1)-dimensional compact contact manifold. The energy functional
(5.1)F(g) = 1
2
∫
M
‖τ‖2 dv
defined on the set A(η) of all metric associated to η, was studied by Chern and Hamilton [10] in the
three-dimensional case, by Blair (see [3, p. 167]) when the contact form is regular, and by Tanno [24] for
arbitrary dimension. The critical point condition for the functional (5.1) is
(5.2)∇ξ τ = 2τφ
and was determined by Tanno [24]. Recently, Eq. (5.2), called Tanno’s equation, has been studied by
Barletta and Dragomir [1]. In particular, they proved that Tanno’s equation is the critical point condition
of a large class of functionals. We note that the Chern–Hamilton functional is related to the energy
functional considered in Section 2. Note that a contact metric structure (η, g, ξ,φ) on M is completely
determined by the tensors g and ξ . In fact, the contact form is given by η = g(ξ, ·) and the tensor φ
is defined by dη = g(· , φ·). Now, consider the energy of the map V ∈ χ1(M) with respect to contact
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L = 1
2
∫
M
‖dV ‖2 dv = 2n + 1
2
vol(M,g) + 1
2
∫
M
‖∇V ‖2 dv.
The energy L depends on (V , g) ∈ χ1(M)×A(η). If we restrict this functional L to the set χ1(M)×{g},
where g is a fixed metric associated to η, then we get the energy functional E considered in Section 2
and the characteristic vector field ξ is critical for L (that is, M is an H -contact manifold) if and only if
ξ is an eigenvector of the Ricci operator (Theorem 3.1). If we consider the same functional L defined on
the set {ξ }×A(η), then a metric g ∈A(η) is critical for such functional if and only if it is critical for the
Chern–Hamilton energy functional F(g). In fact
‖∇ξ‖2 =
(
2n + ‖τ‖
2
4
)
.
So, we say that a contact metric structure (ξ, g) on M is critical if ξ is critical for the functional L
defined on χ1(M) × {g} and g is critical for the same functional defined on the set {ξ } ×A(η).
About the vanishing of the first Betti number b1(M) of a compact H -contact manifold M , we have
the following theorem (which is Theorem 4 of [12] reformulated).
Theorem 5.1. Let (M,η, g, ξ,φ) be a (2n + 1)-dimensional compact contact metric manifold where the
contact metric structure is critical. Then, if ρ + cg is positive definite for some constant c < 2 − ‖τ‖√2n , thefirst Betti number b1(M) is zero.
In the K-contact case (that is, when τ = 0), Tanno [23] proved that if M is compact K-contact
manifold and the tensor ρ + 2g is positive definite, then b1(M) = 0. Of course, a K-contact structure
is critical, but the converse does not hold. In fact, the standard contact metric structure on T 1M(−1), the
unit tangent sphere bundle of a Riemannian manifold of constant curvature −1, which is not K-contact,
has ξ critical for the energy E (see Section 4) and g critical for the energy F (Blair [3, p. 168]). Therefore,
the class of compact contact metric manifolds with critical contact metric structure extends the class of
compact K-contact manifolds. We show that in dimension three, from the topological point of view, the
two classes coincide. On the other hand, H. Geiges [11] proved that a compact three-manifold admits a
normal contact form (i.e., a K-contact structure) if and only if it is diffeomorphic to a left quotient Γ \G
of a Lie group G under a discrete subgroup Γ , where G is one of SU(2), H 3 (the Heisenberg group),
S˜L(2,R).
We first prove the following theorem.
Theorem 5.2. Let (M, ξ, g) be a contact metric three-manifold. Then the contact metric structure (ξ, g)
is critical if and only if M is K-contact or is locally isometric to S˜L(2,R) equipped with a left-invariant
contact metric structure which is not K-contact.
Proof. Let (M,η, g, ξ,φ) be a contact metric three-manifold and m a point of M . Then there exists a
smooth local orthonormal basis of the form {ξ, e1, e2 = φe1} in a neigborhood of m. Now, let U1 be
the open subset of M where h = 0 and let U2 be the open subset of points m ∈ M such that h = 0 in a
neighborhood of m. U1 ∪ U2 is an open dense subset of M . On U1 we put he1 = λe1 and hence we have
he2 = −λe2 where λ is a non-vanishing smooth function. Then, on U1 we have (see for example [22,
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(5.3)∇ξ τ = 2µτφ ⇔ ξ(λ) = 0.
Assume that M is an H -contact three-manifold satisfying Tanno’s equation and suppose that it is not
K-contact. Conditions (5.2) and (5.3) imply ξ(λ) = 0. Hence, ξ defines a harmonic map (see [15,
Theorem 4.2] or [22, Proposition 3.2]). Moreover, in [22] it was proved that ξ defines a harmonic map if
and only if M is a generalized (k,µ)-space on the open dense subset U1 ∪U2. Then, on U1 ∪U2 we have
(5.4)∇ξ τ = 2µτφ,
and (see [18])
(5.5)hgradµ = grad k.
(5.2) and (5.4), on a generalized (k,µ)-space imply that µ = 1. Moreover, (5.5) implies that k =constant.
Therefore, M is a (k,µ)-space with µ = 1. In [21], the author studied three-dimensional manifolds
admitting a homogeneous contact metric structure. He showed that these manifolds are locally isometric
to a Lie group G with a left-invariant contact metric structure (η, ξ, g,φ). In particular, a (k,µ)-space
is a locally homogeneous contact metric three-manifold. More precisely, it is locally isometric to a
unimodular Lie group G equipped with a left-invariant contact metric structure. Because of the invariance
under left translations, it is enough to describe these structures on the associated Lie algebra g. In the
unimodular case, there exists an orthonormal basis {e1 = ξ, e2, e3 = φe2} such that
(5.6)[e1, e2] = λ3e3, [e2, e3] = 2e1, [e3, e1] = λ2e2.
Using (5.6) and the first Cartan structural equation, the Levi-Civita connection is given by
(5.7)(∇ei ej ) =


0 λ2+λ3−22 e3
−λ2−λ3+2
2 e2
λ2−λ3−2
2 e3 0
λ3−λ2+2
2 e1
λ2−λ3+2
2 e2
λ3−λ2−2
2 e1 0

 .
Moreover, using (5.6), we get
(5.8)τ = (λ2 − λ3)
(
θ2 ⊗ θ3 + θ3 ⊗ θ2),
where λ2, λ3 are constants and (θ1 = η, θ2, θ3) are the 1-forms dual to the vector fields (ξ, e2, e3). Since
∇ei θj is the 1-form dual to ∇ei ej , using (5.7) and (5.8), we find
(5.9)∇ξ τ = (2 − λ2 − λ3)τφ.
Thus,
∇ξ τ = 2τφ ⇔ τ = 0 or λ2 + λ3 = 0.
Then, by [21, pp. 249–250], we get that M is locally isometric to S˜L(2,R) equipped with a left-invariant
contact metric structure. Note that this left-invariant contact metric structure on S˜L(2,R) is K-contact
(that is, τ = 0) if and only if λ2 = λ3 < 0.
Now, we prove the converse. Consider the Lie group S˜L(2,R) with a left-invariant metric g. Then
there exists an orthonormal basis {e1, e2, e3} of its Lie algebra g such that
[e1, e2] = λ3e3, [e2, e3] = λ1e1, [e3, e1] = λ2e2,
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e1. Assuming λ1 = 2 and defining φ by φe1 = 0, φe2 = e3 and φe3 = −e2, we get that (η, g, ξ = e1, φ)
is a left-invariant contact metric structure (see [21]) which satisfies (5.7)–(5.9). Moreover, using (5.7),
by a direct calculation we find that ρ(ξ, e1) = ρ(ξ, e2) = 0. So, assuming λ2 = −λ3 > 0, we get that the
contact metric structure (g, ξ) is critical. 
Theorem 5.2 and the already mentioned Geiges’ theorem imply the following result.
Corollary 5.3. A compact three-manifold admits a critical contact metric structure if and only if it is
diffeomorphic to a left quotient of the Lie group G under a discrete subgroup, where G is one of SU(2),
H 3 (the Heisenberg group), or S˜L(2,R).
Acknowledgement
The author wishes to thank L. Vanhecke and the referee for their useful comments.
References
[1] E. Barletta, S. Dragomir, Differential equations on contact Riemannian manifolds, Ann. Scuola Norm. Sup. Pisa Cl.
Sci. 30 (4) (2001) 63–95.
[2] A.L. Besse, Einstein Manifolds, Springer-Verlag, Berlin, 1987.
[3] D.E. Blair, Riemannian Geometry of Contact and Symplectic Manifolds, in: Progress in Math., vol. 203, Birkhäuser,
Boston, 2002.
[4] D.E. Blair, T. Koufogiorgos, B.J. Papantoniou, Contact metric manifolds satisfying a nullity condition, Israel J. Math. 91
(1995) 189–214.
[5] D.E. Blair, D. Perrone, A variational characterization of contact metric manifolds with vanishing torsion, Canad. Math.
Bull. 35 (4) (1992) 455–462.
[6] E. Boeckx, A class of locally φ-symmetric contact metric spaces, Arch. Math. 72 (1999) 466–472.
[7] E. Boeckx, L. Vanhecke, Characteristic reflections on unit tangent sphere bundles, Houston J. Math. 23 (1997) 427–448.
[8] E. Boeckx, L. Vanhecke, Harmonic and minimal vector fields on unit tangent sphere bundles, Differential Geom. Appl. 13
(2000) 77–93.
[9] C.P. Boyer, K. Galicki, Einstein compact K-contact manifolds, Proc. Amer. Math. Soc. 129 (2001) 2419–2430.
[10] S.S. Chern, R.S. Hamilton, On Riemannian metrics adapted to three-dimensional contact manifolds, in: Lecture Notes in
Math., vol. 1111, Springer-Verlag, Berlin, 1985, pp. 279–305.
[11] H. Geiges, Normal contact structure on 3-manifolds, Tôhoku Math. J. 49 (1997) 415–422.
[12] S.I. Goldberg, D. Perrone, G. Toth, Curvature of contact three-manifolds with critical metrics, in: Lecture Notes in Math.,
vol. 1410, Springer-Verlag, Berlin, 1989, pp. 212–222.
[13] S.I. Goldberg, D. Perrone, Contact 3-manifolds with positive scalar curvature, Contemp. Math. Amer. Math. Soc. 127
(1992) 59–68.
[14] O. Gil-Medrano, Relationship between volume and energy of unit vector fields, Differential Geom. Appl. 15 (2001) 137–
152.
[15] J.C. González-Dávila, L. Vanhecke, Minimal and harmonic characteristic vector fields on three-dimensional contact metric
manifolds, J. Geom. 72 (2001) 65–76.
[16] S.D. Han, J.W. Yim, Unit vector fields on spheres which are harmonic maps, Math. Z. 227 (1998) 83–92.
[17] T. Koufogiorgos, C. Tsichlias, On the existence of a new class of contact metric manifolds, Canad. Math. Bull. 43 (2000)
440–447.
378 D. Perrone / Differential Geometry and its Applications 20 (2004) 367–378[18] T. Koufogiorgos, C.Tsichlias, On a class of generalized (k,µ)-contact metric manifolds, preprint.
[19] J. Milnor, Curvature of left invariant metrics on Lie groups, Adv. Math. 21 (1976) 293–329.
[20] Z. Olszak, On contact metric manifolds, Tôhoku Math. J. 31 (1979) 247–253.
[21] D. Perrone, Homogeneous contact Riemannian three-manifolds, Illinois Math. J. (2) 42 (1998) 243–256.
[22] D. Perrone, Harmonic characteristic vector fields on contact metric manifolds, Bull. Austral. Math. Soc. 67 (2003) 305–
315.
[23] S. Tanno, The topology of contact Riemannian manifolds, Illinois J. Math. 12 (1968) 700–717.
[24] S. Tanno, Variational problems on contact Riemannian manifolds, Trans. Amer. Math. Soc. 314 (1989) 349–379.
[25] G. Wiegmink, Total bending of vector fields on Riemannian manifolds, Math. Ann. 303 (1995) 325–344.
[26] C.M. Wood, On the energy of a unit vector field, Geom. Dedicata 64 (1997) 319–330.
